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Abstract 

Nonsymmetric terms or angle-dependent terms in the power series expansion of 
Einstein's equations are considered. It is shown, first, that they do not influence the time 
evolution of the symmetric terms and, second, that they do not remain bounded as the 
cylinder collapses. However, the major contribution to the density arising from the 
symmetric terms makes the nonsymmetric contribution progressively more insignificant 
a s  the collapse proceeds. 

1. Introduction 

The problem of small nonsphericat perturbations in the gravitational 
field of a spherically symmetric, collapsing body has been investigated in a 
number of  papers (Ginzburg & Ozernoy, 1964; Do roskevich et al., 1965; 
de la Cruz et al., 1970; Price, 1970). All of them show that small perturba- 
tions are radiated away as the body collapses. Novikov (1969) proved that 
the small perturbations of the metric remain small at the surface of a 
collapsing sphere. Thorne (1971) gives a review of these investigations. 

Nonsymmetric terms in the metric near the center of  a collapsing cylinder 
are discussed in this paper without assuming that they are small. Einstein's 
equations are studied using a power series expansion of the metric (Pachner, 
1970, 1971; Miketinac & Pachner, 1972). In Section 2 equations 
for the coefficients of the expansion are derived. These equations are 
discussed in general and for a specific example in Section 3. It is shown 
that an initially finite, angle-dependent contribution to the density 
eventually becomes infinite. This contribution is absorbed in a faster 
increasing contribution to the density arising from symmetric terms. 
Thus, nonsymmetries become less and less important as the cylinder 
collapses. 
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2. Equations o f  Motion 

The  special, comoving  coordinate  system xU = (z,r, (~, t) in t roduced by 
Pachner  (1971) is used and his no ta t ion  is fol lowed in this paper  with one 
exception,  the funct ion n is replaced by 

W =  3Kn 

Since no symmet ry  is assumed componen t s  of  the metric  

ds z =PZdz2  + QZdr2 + SZd$  2 - dt 2 + 2NdOdr  - 2 A d ~ d t  

are funct ions of  r, 6, t and their expansions are 

P = exp [~(t) + �89 t) + �88 4 0(~, t) + . . . ]  

Q = exp [/3(t) + �89 t) + �88 t) + . . . ]  

S = r e x p  [fl(t) + �89 t) + �88 Z @ ,  t) + . . . ]  

N =  �89 3 W ( ~ , t )  + . . .  (2.1) 

A = Kr 2 exp [r 2 b($) + . . . ]  

~b = exp [r 2 ka(q~) + . . . ]  

The  last  funct ion determines the initial dis tr ibution o f  the density. 
Substi tut ing equat ions  (2.1) into Einstein 's  field equat ions 

R,k = 8~(T,~  - �89 
and the initial condit ions 

R .  4 - -  �89 4 = 8,a-Z~ 4 

one obtains  equat ions  for  the coefficients in the expansion.  N o t  all o f  these 
equat ions  need to be considered. Fo r  a discussion of  the nonsymmet r i c  
te rms  the fol lowing equat ions  are impor t an t  

C~ + 2d~t3 + 42 - 2he -z~ = e -~-2~ (F.11.1) 

# + 2/32 + @ - (h - q + 3s + �89 e-2~ + (W3 - K 2) e -4~ = e -~-2r (F.22.1) 

h 3 = 0 (F.23.1) 

/i + (4 - / 3 ) h  - �89 + {~ - e-2g[+W3 - �89162 + KE(d + #) 

+ •(-2b3 - h3 + �89 + ks3)] = 0 (I.2.1) 

-03  + e-Z#[8K( b - s) - Kq33 + { ( W -  2/~W)] +2KW3 e-4~ = 4K e - ' - 2 ~  

(L3 .1 )  

flz + 2&/~ + e -e~( -2h  + q - 3s - �89 + W3 e-ag = 2e - ' - z g  (I.4.1) 

�89 + (o~ + ]3)/ /+ �89 + ~) + e-2~[--40 -- k033 - h z + 3qh - sh 

- K2(& + 4 2 + o@) - � 8 9  3 - q3 - 2b3)] 

+ e-"r 2 h + +h ~V3 - ~ a  W) 
= --~e-=-2~(-2k2 + h + q + s + K 2 e -2~) (F. 11.2) 
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and 
9 

�89 (�89 - / ~ )  w +  2/~ 2 w -  3,~(~ + ~s - b~) - 5O3 + ~/,q3 

+ e-2~[3K2(�89 + �89 3 - 2b3) - W(h - q + 3s + �89 
- K2(/)W3 - 3xi//3)] + W ( W  3 - K2)e -4t3 = We -~-z/~ (F.23.2) 

Since ~ and/3 do not depend on qS, it follows from (F. 11.1) that h cannot 
depend on q~; this is also expressed by (F.23.1). Similarly, from (F.22.1) 
one concludes that q, s, and W depend on q~ in the following way 

q(4,  t) ~ q(t)  + gl(~, t) 

s(4,, 5) = s(t) + s((~, t) 
w ( ~ ,  5) = w ( t )  + ff~((~, t) 

where 
4 

This equation could also 
it follows 

- 3~ - �89 + fie3 e -2~ = 0 

have been obtained from (I.4.1). In the same way 

0(~, t) = 0(5) + 0(~,  t) 

b(~) = b + b(~) 

The unbarred functions, q~ independent, are referred to as the symmetric 
terms; the barred functions are the nonsymmetric terms. Equations 
(F. 11.1) to (F.23.2) divide into two sets of equations, one for the symmetric 
terms and one for the nonsymmetric terms. Equations for the unbarred 
functions were discussed extensively by Pachner (1971) and Miketinac & 
Pachner (1972). These equations contain no barred functions and, therefore, 
the time evolution of the symmetric terms is completely independent of the 
nonsymmetric terms. 

Assuming solutions of the form 

q = Aqcos2q~ + Bq sin2~ 

= As cos 2~b + Be sin 2q~ 

~" = A w sin 2q~ + B w cos 2~ 
/3 = Abcos2~ + Bb sin 2 ~ 

/~2 = AkCOS2~ + Bk sin2~ 

0 = A0cos2~ + Bo sin 2q~ 

the five equations (F.22.1), (I.2.1), (I.3.1), (F.11.2), and (F.23.2) for the 
nonsymmetric terms yield ten equations with eight unknowns Aq, B~, As, 
Bs, Aw, Bw, Ao, and Bo; since b and kz are parameters (Pachner, 1971) 
A~, Bb, Ak, Bk are also parameters. One pair of these ten equations is 
identically satisfied; the combination is 

@3.1) + ( I . 4 . 1 ) - ~ J t  (I.4.1)= (I.2.1) 



440 

One pair of the equations determines 
pairs of equations are 

Aq = A.~ 

A~ - 2~(& - 2 &  

& + 2K(As -- 2A~ 

J ( +  2/3)/'-- I X +  3(/k - 
7Y + 2/3 I; '-  [ V -  3(Bk-- 

where 
X ~  Awe-2~ 
Y-~ Bw e -2/3 
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Ao and Bo and the remaining three 

- ~ x  
(2.2) 

+{-Y 

+ ~;Y)e -2~ = 0 
(2.3) 

- �89 e - 2 ~  = 0 

As)] e -~-2/~ - 2K 1;'= 0 
(2.4) 

B,)] e -&~2~ + 2~c.g == 0 

The pairs of equations (2.2), (2.3), and (2.4) completely determine the 
time-evolution of the nonsymmetric terms of the lowest powers in r. Once 
a solution of these equations is known, the nonsymmetric terms of the next 
higher powers in r (such as An, Bn, Az etc.) can be obtained. It is well- 
known, Nariai (I970) and Miketinac & Pachner (1972), that such a simple 
iterative procedure does not exist for the symmetric terms. Therefore, in 
order to discuss the equations (2.2), (2.3), and (2.4) it will be necessary to 
assume a particular form for, say, fl (all other symmetric terms can then 
be computed), which is typical for the physical situation under considera- 
tion. This is not difficult in the case of a collapsing cylinder. A cylinder 
collapses when distances between its particles tend to diminish. Because of 
equation (2.1) this means that/3 -+ -oo when t -+ to, to being the moment at 
which the cylinder has collapsed. It can be taken that to = 1. Letting 
3(t = 0) = 0, any other value simply changes the scale, a typical form for 
t~is 

3 = In (1 - t) (2.5) 

It will be argued that no other form for fl will change the conclusion that 
the nonsymmetric contribution to the density becomes insignificant as 
t --> l. 

3. Nonsymmetric Contribution to the Density 

From the expression for the density (Pachner, 1971) it follows that 

--P = e-~-2/~[1 + rZ(Cs + C~cos2q5 + Cbsin2~) + . . . ]  
P~ 

where p~ is the density at the origin at t = 0 and 

Cs = k2 - �89 + q + s + ~2 e-2g) 

co  = Ak - �89 + As) 

C~ = B~ - �89 + Bs) 
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It is assumed that  at the initial m o m e n t  all nonsymmetr ic  terms vanish,  
but  the density contains a nonsymmetr ic  contr ibut ion 

C, = Ak-r  B k = 0  

I f  there is no ro ta t ion  (i.e. K = 0) and l/(t = 0 ) =  0, equat ions (2.2), 
(2.3), and (2.4) imply A, = B, = Y =  0 and since, then, Ca = Ak + �89 the 
equat ion  for X takes the fo rm 

Co = -2fld~, + C , e  -~-2~ (3.1) 

Since -/3 and e -~-2~ -+ co as t -+ 1, it follows f rom (3.1) that  C,  ~ co or  
- co  as t -+ 1 depending on the choice of  Ca(0) and ~,(0). In the special 
case when ~ is given by (2.5) Ca was computed  numerical ly (Fig. 1) assuming 

Figure 1. 

C,(0) = 1 and ~7,(0) = 0. To  integrate (3.1) c~ must  be computed  f rom the 
equat ion 

d~ + a 2 = - - e  -z-a/? -- 2 ( 9  +/~2)  (3.2) 

(Pachner,  1971). In  the figure ~ was computed  taking ~(0) = 0 and a(0) = 0. 
In  order  to calculate the symmetr ic  contr ibut ion to the density, C,, it is 

necessary to know h, q, and s. The  equat ions for  h and q can be found in 
Pachner  (1971); they are 

h = - e  -~ - (/~ +/~2 _ o~/~) e 2~ (3.3) 

q = 2h + 3s + 2e -~ - /~ (2~  + ,8) e 2~ (3.4) 

The  equat ion  for  s (Miket inac & Pachner,  1972) can be writ ten in the 
following form 

2 = - 2 ~  + se  -~-2/3 + F (3.5) 
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where 
F = - Ji - + 5 )  I / +  + + h - 2 e 

- ~(1 + �89 e -~ -2 ~  + �89 -2~-2/~ - �88  + fl) e -= 

It is assumed that the paramete r /% is equal to I and that at the initial 
mome,ll s- : k : .  0. In the special case when/3 is given by equation (2.5) the 
function F in equalion (3.5) reduces to --][e ~/(1 - t)2]. Compar ing  (3.1) 
and (3.5) will show that - s  -> <~o faster than C,, -~- ~*~ as t -+ I. Therefore, 
the nonsymmetr ic  contribution,  C~cos24,, to the density becomes increas- 
ingly insignificant compared  to the contr ibut ion due to the symmetric 
terms, 

C, = - 2 s  + -} + �89 -~ + �89 - t) 4 

as t ->  1. Of  course, this conclusion would not  be correct, if d',(0) were 
assumed to be very much bigger than 1 (10 3 or bigger). Such an assumption 
does not  seem physically interesting. 

If/3 is not  given by (2.5), the expression/~ + ~2 in (3.2) will not  be equal 
to zero but will be negligible compared  to e -2~ as t ---> 1. This follows f rom 
the fact that  the ratio ( r  + ]~Z)/e-2~ equals e~[(dZ/dt2) e ~] where the positive 
funct ion e~ is equal to I at t = 0 and tends to zero when t --> 1. Using this 
the funct ion F i n  (3.5) simplifies to 

1.1 {~2 ~ - ~  __ j_~.-ct-2fl  
4 ~ '  ~ 2 ~ 

which, again, implies that --s -~ ~ faster than C~ -~ o~ as t -~ 1 and this 
means that, in general, the symmetric contr ibut ion to the density, C~, 
dominates.  This conclusion is true, also, in the case when ,r r 0 but is 
sufficiently small so that  ~ -~ - ~ ,  when/3  --> - ~ .  It may  be possible to 
extend this result to the case o f  a finite body, but it will be necessary to 
introduce two more  gravitational potentials, g~ 2 and g~ 3, into the equations 
and all functions will have to be expanded in powers o f z  and r. 
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